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Abstract
Vector fields in the expanding Universe are considered within the multidimensional theory of
General Relativity.
Vector fields in general relativity form a three-parametric variety. Our consideration includes
the fields with a nonzero covariant divergence. Depending on the relations between the particular
parameters and the symmetry of a problem, the vector fields can be longitudinal and/or transverse,
ultrarelativistic (i.e. massless) or nonrelativistic (massive), and so on.
The longitudinal and transverse vector fields are considered separately in detail in the background
of the de Sitter cosmological metric. In most cases the field equations reduce to Bessel equations,
and their temporal evolution is analyzed analytically. The energy-momentum tensor of the most
simple zero-mass longitudinal vector fields enters the Einstein equations as an additive to the
cosmological constant. In this case the de Sitter metric is the exact solution of the Einstein
equations. Hence, the most simple zero-mass longitudinal vector field pretends to be an adequate
tool for macroscopic description of dark energy as a source of the expansion of the Universe at
a constant rate. The zero-mass vector field does not vanish in the process of expansion. On the
contrary, massive fields vanish with time. Though their amplitude is falling down, the massive
fields make the expansion accelerated.
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I. INTRODUCTION
According to modern observations the Universe is expanding as a whole, despite the
gravitational attraction between material objects. From the standpoint of general relativity
the matter curves the space-time, giving rise to mutual attraction between the bodies. The
fact of the Universe expansion confirms the assumption that the physical vacuum is not just
the absence of the ordinary matter. The existence of the so called ‘dark energy’ and ‘dark
matter’, as the source of the Universe expansion, is widely discussed in modern literature
[1]. Can we overcome the ”expansion-attraction” contradiction within the existing theory
of general relativity? That is the question.
Without the knowledge of nature of vacuum it is still possible to analyze some general
macroscopic properties of physical phenomena [2]. It is worth applying the macroscopic
approach, keeping in mind that there is no way to reproduce the full scale cosmology in the
laboratory experiments.
The purpose of this article is to study the behavior of vector fields in the expanding
Universe. Utilization of vector fields in general relativity shows undoubtable advantages in
comparison with scalar fields and with multiplets of scalar fields. In brane world applications
vector fields play the role of the order parameter at phase transitions with spontaneous
symmetry breaking [5]. The equations appear to be more simple, while their solutions are
more general. The solutions have additional parametric freedom, allowing to forget the
fine-tuning problem.
Having in mind that the brane world is a 3-dimensional manyfold in the space with extra
dimensions, the number d0 of space-like coordinates is left arbitrary. From the point of
view of phase transitions the brane world is a topological defect, inevitably accompanying
the phase transitions with spontaneous symmetry breaking. Knowing the dependence of
temporal evolution of vector fields on the dimension d0 of the initially uniform bulk could
help finding out if vector fields can initiate the phase transition.
The paper is organized as follows. In Section II we consider a cosmological metric, describ-
ing the multidimensional homogeneous and isotropic expansion, caused by the cosmological
constant only.
General properties of vector fields in the background of an arbitrary metric are presented
in Section III. We get rid of the restriction (39), commonly used in flat space-time in order
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to avoid the troubles of negative contribution to the energy. In general relativity it is worth
replacing by a more weak condition of regularity.
Particular properties of vector fields in the background of the cosmological metric (1)
are analyzed in Section IV. Longitudinal and transverse fields are considered separately in
Subsections IVA and IVB, respectively. In the background of the de Sitter metric (8) the
solutions of vector field equations are found analytically in terms of Bessel functions.
Analytical analysis of vector fields in the de Sitter metric shows that the boundary be-
tween the nonrelativistic (massive) fields and the ultrarelativistic (zero-mass) ones corre-
sponds to extremely low masses. The zero-mass vector field looks adequate for macroscopic
description of the dark energy. The principle difference between them (massive fields van-
ish in the process of cosmological expansion, while the massless ones don’t) approves the
separation of dark relativistic substance into dark matter and dark energy.
The results are summarized in Section V.
II. EXPANSION OF THE UNIVERSE DRIVEN BY THE COSMOLOGICAL
CONSTANT
According to observations the Universe expands, remaining homogeneous and isotropic.
Keeping in mind applications to multidimensional cosmology we consider the (D = 1+ d0)-
dimensional space-time having the structure T 1Ed0 and the metric
ds2 = gIKdx
IdxK = (dx0)2 − e2F (x0)
d0∑
I=1
(dxI)2 (1)
depending on only one time-like coordinate x0 = ct. The metric tensor gIK is diagonal. The
expansion is characterized by a single function F (x0), and the rate of expansion (Hubble
parameter) is H = c dF
dx0
≡ cF ′. The Ricci tensor is also diagonal:
R00 = −d0(F ′2 + F ′′), (2)
RII = e
2F (F ′′ + d0F
′2), I > 0. (3)
In the absence of matter there are two Einstein equations for one unknown F :
− (d0 − 1)F ′′ − 1
2
d0 (d0 − 1)F ′2 − Λ = 0, (I 6= 0) (4)
3
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d0(d0 − 1)F ′2 + Λ = 0, (I = 0). (5)
Λ is the cosmological constant. If d0 > 1 the solution
F = ±
√
− 2Λ
d0(d0 − 1)(x
0 − x00) (6)
exists if the cosmological constant Λ is negative,
Λ < 0. (7)
F (x0) is a linear function; x00 is a constant of integration. The multidimensional (D = 1+d0)
cosmological metric
ds2 = (dx0)2 − e±
√
− 8Λ
d0(d0−1)
(x0−x00)
d0∑
I=1
(dxI)2, d0 > 1 (8)
is regular. This metric describes the evolution of the homogeneous and isotropic Universe
connected with the presence of the cosmological constant Λ. It is either expansion (sign +),
or contraction (sign −). The metric (8) is called de Sitter (or anti de Sitter, depending on
the sign definition of the Ricci tensor).
In the case of expansion (sign +)
H =
√
− 2Λc
2
d0(d0 − 1)
is the multidimensional Hubble constant, i.e. the rate of expansion. In the case of three
space coordinates
H =
√
−1
3
Λc2, d0 = 3.
The today’s value of the Hubble constant is [6]
Htoday = 55 km · sec−1 ·Mpc−1 ≈ 1.8× 10−18 sec−1 . (9)
Available rough estimate for the Hubble constant at a hypothetical stage of inflation is [7]
1042 sec−1 > Hinf > 10
36 sec−1 . (10)
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III. VECTOR FIELD IN GENERAL RELATIVITY
In general relativity, the Lagrangian of a vector field φI consists of the scalar bilinear
combinations of its covariant derivatives and a scalar potential V (φKφK). A bilinear combi-
nation of the covariant derivatives is a 4-index tensor SIKLM = φI;KφL;M . The most general
form of the scalar S, formed via contractions of SIKLM , is S = (ag
IKgLM + bgILgKM +
cgIMgKL)SIKLM , where a, b, and c are arbitrary constants. The general form of the La-
grangian of a vector field φI is
L = a(φM;M)
2 + bφL;Mφ
;M
L + cφ
L
;Mφ
M
;L − V (φMφM). (11)
The classification of vector fields φI is most convenient in terms of the symmetric GIK =
1
2
(φI;K + φK;I) and antisymmetric FIK =
1
2
(φI;K − φK;I) parts of the covariant derivatives.
The Lagrangian (11) gets the form
L = a(GMM)
2 + (b+ c)GLMG
M
L + (b− c)FLMFML − V (φMφM).
The bilinear combination of antisymmetric derivatives FLMF
M
L is the same as in electrody-
namics. It becomes clear in the common notations AI = φI/2, FIK = AI;K −AK;I .
The terms with symmetric covariant derivatives deserve special attention. In applications
of the vector fields to elementary particles in flat space-time the divergence ∂φ
K
∂xK
is artificially
set to zero [8]:
∂φK
∂xK
= 0. (12)
This restriction allows to avoid the difficulty of negative contribution to the energy. In
the electromagnetic theory it is referred to as Lorentz gauge. However in general relativity
(in curved space-time) the energy is not a scalar, and its sign is not invariant against the
arbitrary coordinate transformations. Vector fields are also used as the order parameters
in phase transitions with spontaneous symmetry breaking [5]. Among the excitation states
of physical vacuum there can be those of the vector type. Considering free vector fields in
general relativity, it is worth getting rid of the restriction (12), using instead a more weak
condition of regularity.
The covariant field equations
aφK;K;I + bφ
;K
I;K + cφ
K
;I;K = −V ′φI (13)
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and the energy-momentum tensor
TIK = −gIKL+ 2V ′φIφK + 2agIK(φM;MφL);L + 2(b+ c)[(GIKφL);L −GLKFIL −GLI FKL]
+2(b− c)(2FLIFLK − FLK;LφI − FLI;LφK)
(14)
describe the behavior of vector fields in the background of any arbitrary given metric gIK
[9]. Here V ′ ≡ dV (φMφM )
d(φMφM )
.
If the back reaction of the field on the curvature of space-time is essential, then the metric
obeys the Einstein equations
RIK − 1
2
gIKR + ΛgIK = κTIK (15)
with (14) added to TIK . Here κ is the (multidimensional) gravitational constant. The field
equations (13) follow from the Einstein equations (15) due to the Bianchi identities. The
field equations (13) are linear with respect to φ if the vector field is small, and the terms
with the second and higher derivatives of the potential V
(
φMφ
M
)
can be omitted.
IV. VECTOR FIELD IN THE BACKGROUND OF THE COSMOLOGICAL MET-
RIC
Depending on the sign of the invariant φIφI the vector φ
I is either time-like (φIφI > 0),
or space-like (φIφI < 0). In general relativity, while all D coordinates are equivalent, one
can choose the appropriate coordinate system where φI = 0 either for I > 0, or for I = 0.
But it can not be done if the coordinate system is already chosen in accordance with some
other reasons. In the cosmological metric (1) the coordinate x0 is already specified, and
whatever the sign of the scalar φIφI is, we have to consider φI having both space and time
components.
However, all space coordinates in the metric (1) are equivalent, and we can choose the
coordinate x1 along the space direction of the vector field. Then the vector φI has only two
nonzero components φ0, and φ1. All other space components of the vector φI are zeros:
φI = 0, I > 1. (16)
The derivatives of the vector field in the equations (13) are:
φL;L;I =
∂
∂xI
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1
∂x1
)
(17)
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φ;LI;L = D̂φI + 2δI0F
′e−2F
∂φ1
∂x1
+ 2F ′
(
∂φ0
∂xI
− ∂φI
∂x0
)
− δI0d0F ′2φ0 − δI1
(
d0F
′2 + F ′′
)
φ1 (18)
φL;I;L =
∂
∂xI
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1
∂x1
)
− δI0d0
(
F ′2 + F ′′
)
φ0 − δI1
(
d0F
′2 + F ′′
)
φ1 (19)
Here D̂ is the d’Alamber operator:
D̂φI =
1√−g
∂
∂xK
(√−ggKL ∂φI
∂xL
)
=
∂2φI
(∂x0)2
+ d0F
′∂φI
∂x0
− e−2F
d0∑
K=1
∂2φI
(∂xK)2
.
The second derivatives (19) and (17) differ from one another by the order of differentia-
tion. In curved space-time
φL;I;L = φ
L
;L;I +RLIφ
L
in accordance with (2) and (3).
In view of (16) the field equations (13) in the background of the cosmological metric (1)
are:
(a+ c) ∂
∂x0
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1∂x1
)
+bD̂φ0 + 2bF
′e−2F ∂φ1
∂x1
− bd0F ′2φ0 − cd0 (F ′2 + F ′′)φ0 = −V ′φ0, I = 0,
(20)
∂
∂x1
[
(a+ c)
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1∂x1
)
+ 2bF ′φ0
]
+bD̂φ1 − 2bF ′ ∂φ1∂x0 − (b+ c) (d0F ′2 + F ′′)φ1 = −V ′φ1, I = 1,
(21)
∂
∂xI
[
(a+ c)
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1∂x1
)
+ 2bF ′φ0
]
= 0, I > 1. (22)
There are D equations for only two unknowns φ0 and φ1.
The space within the cosmological metric (1) is invariant against arbitrary translations
and rotations. The coordinates xK , K > 0, are cyclic variables, and the conjugate momenta
pK , K > 0, are integrals of motion. The vector field φI is a superposition of eigenfunctions
φI(p) ∼ eipKxK , each satisfying the equations (20-22). D − 2 equations (22) take the form
(Here and below we omit the index (p))
pI
[
(a + c)
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1
∂x1
)
+ 2bF ′φ0
]
= 0, I > 1. (23)
So there are two possibilities. Either the vector field does not depend on the transverse
coordinates xI , I > 1, and all pI in (23) are zeros, or the expression in square brackets is
zero.
In the first case
pI = 0, I > 1 (24)
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all D − 2 equations (22) are satisfied identically. The function
Φ = (a+ c)
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1
∂x1
)
+ 2bF ′φ0 (25)
depends on only two coordinates x0, x1. The vector field is longitudinal: its space component
φ1 is directed along and depends upon the same space coordinate x
1.
In the second case
Φ = 0 (26)
the vector field φI can depend not only on x
0 and x1, but also on other space coordinates.
The coordinates x0 and x1 are already specified above in accordance with the symmetry of
the problem. The subspace of all other coordinates xK , K > 1, still remains uniform and
isotropic. It is convenient to denote the coordinates of the subspace xK , K > 1 so that the
projection of the momentum pI on the subspace x
K>1 is directed along the coordinate x2 :
p2 6= 0, and pK>2 = 0. Thus x2 is the only coordinate of the subspace xK , K > 1, that the
field φI depends on. φI is a pure transverse vector field, if it depends only on one space
coordinate x2 (and time x0, naturally). If φI depends on two space coordinates x
1 and x2,
then it is a combination of a longitudinal and a transverse fields.
Relation (25) allows to split the system (20,21) into two separate equations for φ0 and
φ1 :
bD̂φ0 +
(
4b2
a+ c
+ (b− c) d0
)
F ′2φ0 − (cd0 + 2b)F ′′φ0 + V ′φ0 = 2b
a+ c
F ′Φ− ∂Φ
∂x0
(27)
b
(
D̂φ1 − 2F ′∂φ1
∂x0
)
− (b+ c) (d0F ′2 + F ′′)φ1 + V ′φ1 = − ∂Φ
∂x1
. (28)
In case (24) the three equations (25,27, and 28) for three unknowns φ0, φ1,Φ describe a
longitudinal vector field in the background of the cosmological metric (1). The set (27,28)
with Φ = 0 and p2 6= 0 corresponds to a vector field depending on a transverse coordinate.
The projections φ0 and φ1 of a transverse vector field are independent from one another.
The variety of vector fields is characterized by three free parameters a, b, and c. Vector
fields were considered during the last decade by several authors in connections with the dark
sector, see [10]-[19] and references there in. In the background of the de Sitter metric (8)
vector fields were studied each time for particular values of the parameters a, b, and c, see
the Table I.
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TABLE I: Values of the free parameters of the Lagrangian (11) that some people used in their
analysis of vector fields in the background of the de Sitter metric (8).
This paper a b c
[10] 1999 0 η0/4 0
[11] 2000 0 η/8 0
[12] 2004 0 ξ/4 0
[13] 2004 0 −1/8 1/8
[14] 2007 0 −1/2 1/2
[15] 2008 0 −1/8 1/8
[16] 2008 −1/8 −1/8 1/8
[17] 2008 −η/8 −1/8 1/8
[18] 2009 −ξ/8 −1/8 1/8
[19] 2010 ∼ c2 ∼ c1 ∼ c3

The term with a 6= 0 appears in [16]-[18] in combination with the electromagnetic field.
From my point of view the fields with symmetric and antisymmetric covariant derivatives
can have different physical nature, and they deserve to be considered separately as well.
In [19] the Lagrangian involves all three arbitrary constants. However the vector field in
[19] is supposed to have only time-like nonzero component. This assumption is consistent
with transverse vector fields, for their space and time projections are independent from one
another. But it excludes some longitudinal fields from consideration. In general time-like
and space-like components of a longitudinal vector field in the de Sitter metric are mutually
bound.
In what follows the analytical solutions are presented for two particular cases. Namely,
a longitudinal vector field with b = c = 0, and a transverse vector field with a = 0, b = −c
are considered in detail.
A. Longitudinal vector field
It looks strange, but the most simple case
a 6= 0, b = c = 0 (29)
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was not yet considered (at least, I haven’t found it in the literature). In this case the
equations (20-22) reduce to
∂Φ
∂xI
= −V ′φI , I = 0, 1 (30)
Φ = a
(
∂φ0
∂x0
+ d0F
′φ0 − e−2F ∂φ1
∂x1
)
. (31)
Evidently, these equations follow directly from (13). The divergence φK;K = Φ/a. The energy-
momentum tensor (14) reduces to
TIK = gIK
(
Φ2/a+ V
)
+ 2V ′
(
φIφK − gIKφLφL
)
. (32)
As usual the scalar
V ′(0)/a = m2
in the case (29) can be designated as the square of mass of a vector field. The two cases
V ′ = 0 (massless field) and V ′ 6= 0 (massive field) are considered separately below.
1. Zero mass vector field. Macroscopic description of dark energy
The equations (13) for a massless field
m = 0
are simply
∂φL;L
∂xI
= 0, b = c = V ′ = 0. (33)
The divergence of the vector field φL;L is a constant scalar:
φL;L =
∂φ0
∂x0
+ d0F
′φ0 +
∂φ1
∂x1
=
Φ0
a
. (34)
This is one equation for two unknowns φ0, and φ1. The general solution is
φ0 =
∂Ψ
∂x1
+ C0e
−d0F(x0)
∫ x0
x00
ed0F (y)dy,
φ1 = −e−d0F ∂
(
ed0FΨ
)
∂x0
+ C1
(
x1 − x10
)
,
where Ψ is an arbitrary function of all D = 1+ d0 coordinates, x
0
0 and x
1
0 are constants, and
C0+C1 = Φ0/a. In the general solution both projections φ0 and φ1 are mutually connected
via Ψ.
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The energy-momentum tensor
TIK = gIK
(
Φ20/a+ V0
)
, b = c = V ′ = 0 (35)
acts in the Einstein equations (15) as a renormalizing addition to the cosmological constant:
RIK − 1
2
gIKR + Λ˜gIK = 0, Λ˜ = Λ− κ
(
Φ20/a+ V0
)
. (36)
Here V0 is the value of the potential V
(
φLφ
L
)
in the case of massless field (V ′ = 0).
The de-Sitter metric (8) with Λ replaced by Λ˜ is the self-consistent solution of the Einstein
equations (36) with account of back reaction. The zero mass vector field is not supposed to
be small. Available today properties of the so called dark energy (presently unknown form of
matter providing the major contribution to the uniform isotropic expansion of the Universe)
can be described macroscopically by the zero-mass vector field with a simple Lagrangian
L = a
(
φM;M
)2 − V0. (37)
In accordance with (7) the parameters Λ,Φ0, V0, and a should satisfy the inequality
Λ− κ (Φ20/a+ V0) < 0. (38)
In general relativity the inequality (38), coming from the requirement of regularity, should
replace the artificially imposed restriction
∂φK/∂xK = 0, (39)
which people had been using for a long time to avoid the negative energy problem [8].
2. Massive vector field
If V ′ 6= 0 the field equations (30) allow to express φ0 and φ1 via Φ :
φI = − 1
V ′
∂Φ
∂xI
, I = 0, 1. (40)
Substituting (40) into (31) we get the following equation for Φ(x0, x1) :
∂2Φ
(∂x0)2
+ d0F
′ ∂Φ
∂x0
− e−2F ∂
2Φ
(∂x1)2
+m2Φ = 0.
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The space coordinate x1 is a cyclic variable, its conjugate momentum p is the integral of
motion, and the corresponding eigenfunction is
Φp
(
x0, x1
)
= χp
(
x0
)
eipx
1
.
Function χp(x
0) obeys the equation
d2χp
(dx0)2
+ d0F
′dχp
dx0
+
(
p2e−2F +m2
)
χp = 0. (41)
In flat space-time F ′ = 0 the solution is the sum of counter-propagating longitudinal
plane waves
Φ(p)
(
x0, x1
)
= C1e
i(px1+Epx0) + C2e
i(px1−Epx0), F = F ′ = 0
with the relativistic spectrum of eigenvalues Ep :
E2p = p
2 +m2.
Both components (40) of the massive vector field are not zeroes.
Within short time periods ∆x0 = x0 − x0∗ ≪ 1/F ′ the function F (x0) can be locally
considered as a constant, depending on x0 as a parameter. The local spectrum of eigenvalues
is
E2p(x
0) = p2e−2F (x
0) +m2.
Even if initially the field was ultrarelativistic, p2 ≫ m2, in the process of expansion the
energy decreases, and the field finally becomes nonrelativistic.
In the de Sitter metric (8) dF = F ′dx0, F ′ = H/c = const. After the substitution
u = e−F (42)
in the conformally equivalent metric
ds2 = e2F
(
du2 −
d0∑
I=1
(
dxI
)2)
(43)
the equation (41) reduces to the Bessel equation
d2χp
du2
− d0 − 1
u
dχp
du
+
(
P 2 +
µ2
u2
)
χp = 0.
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There are two dimensionless parameters
P =
p
F ′
and µ =
m
F ′
. (44)
The solution is
χp = u
1
2
d0 [C1BesselYν (Pu) + C2BesselJν (Pu)] , ν =
1
2
√
d20 − 4µ2. (45)
If the mass m is extremely small, namely
µ≪ d0, (46)
then m drops out of (45):
χp = C1u
1
2
d0BesselY d0
2
(Pu) + C2u
1
2
d0BesselJ d0
2
(Pu) , µ≪ d0. (47)
The time variation of χp is damping oscillations of both addends in (47). The argument
Pu = Pe−F tends to zero at x0 →∞. The second term in (47) vanishes at u→ 0, while the
first one remains finite. For better visualization we rewrite the argument of Bessel functions
as
Pu = e−w, w = F ′x0 − lnP. (48)
For d0 = 3 the functions
e−
1
2
d0wBesselY d0
2
(
e−w
)
= −
√
2
pi
(
e−w sin e−w + cos e−w
)
(49)
and
e−
1
2
d0wBesselJ d0
2
(
e−w
)
= −
√
2
pi
(
e−w cos e−w − sin e−w) (50)
are presented in Figure 1 by red and blue curves, respectively. The contribution of the zero
mass vector field Φ to the energy-momentum tensor – a possible source of the cosmological
expansion – remains finite at the late period of the Universe evolution.
In the opposite limit
µ≫ d0 (51)
the index ν is large and imaginary. It is convenient to work with linear combinations of
Bessel functions
H
(±)
iµ (u) = BesselJiµ (u)± iBesselYiµ (u) = ±
e±µpi/2
pii
∫ ∞
−∞
e±iu cosh t−iµtdt.
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FIG. 1: Functions (49) and (50). The second term in (47) − blue curve − vanishes as x0 → ∞,
while the first one (red) remains finite.
and use their asymptotic at large indexes and arguments (tangent approximation [20]):
H
(±)
iµ (u) =
e±µpi/2√
2pi (u2 + µ2)1/4
e
±i
[√
u2+µ2−µArsh(µu)−
pi
4
]
, µ≫ 1.
Asymptotic expression for χp at µ≫ 1 :
χp (u) =
ud0/2
(µ2 + u2)1/4
(
C1e
i
[√
u2+µ2−µArsh(µu)−
pi
4
]
+ C2e
−i
[√
u2+µ2−µArsh(µu)−
pi
4
])
, µ≫ 1.
(52)
Contrary to the case (46), in the case of massive vector field (51) function χp (u) (52)
decreases with time and finally vanishes at x0 →∞ due to the factor ud0/2 ∼ e− d02 F ′x0.
In dimensional units the parameter µ = c
H
√
V ′
a
= mc
2
~H
. With the today’s value of the
Hubble constant (9)
µtoday = 1. 3× 1032m = 6.8× 1037m
me
, (53)
where m is in eV, and me is the electron mass. For all known massive particles µtoday is ex-
tremely large. The boundary between massive and massless vector fields µ ∼ d0 corresponds
to the masses m ∼ 10−32 eV. Practically today the case µ≪ d0 is indistinguishable from zero
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mass vector fields. The zero-mass vector field looks adequate for macroscopic description of
the dark energy. The principle difference between the two cases (massive fields vanish, and
the massless ones survive at x0 → ∞ ) approves the separation of dark relativistic sector
into dark matter and dark energy.
In the hypothetical inflation period of the early Universe the Hubble constant was sup-
posed to be extremely high (10). In the stage of inflation the parameter µ should have been
very small:
10−21
m
me
< µinf < 10
−15 m
me
.
For the vector fields with masses up to 1015me the parameter µinf is smaller than d0, and the
first term in (47) does not vanish with time. The vector fields could have had all chances to
survive the inflation epoch and contribute to the origin of today’s expansion of the Universe.
3. Massless and massive fields acting together
Massive and massless vector fields can be of different physical nature. In this case they
are described by different functions. The Lagrangian has the form
L = ae
(
φMe;M
)2 − V0 + am [(φMm;M)2 −m2φMmφm M] ,
V0 = Ve + Vm (0) , m
2 = V ′m (0) /am.
Indexes e and m correspond to massless and massive fields, respectively. Constant Vm (0) is
included into Λ˜ via V0, and the energy-momentum tensor of the massive field (32) is
Tm IK = am
{
gIK
(
φMm ;M
)2
+m2
(
2φm Iφm K − φm LφLm gIK
)}
. (54)
The Einstein equations
RIK − 1
2
RgIK + Λ˜gIK = κTm IK (55)
include the back reaction of both massive and massless vector fields. Their applicabil-
ity is restricted by the condition that the second and higher derivatives of the potential
Vm
(
φm Lφ
L
m
)
can be ignored. The back reaction of the massless field φe is included via Λ˜.
The energy-momentum tensor (54) in the equations (55) contains only the massive field
φm, and therefore the index m can be omitted. As far as the massive field does not violate
the homogeneity and isotropy of the space, φm does not depend on the space coordinates.
15
Then in accordance with (40) φ1 = 0, and the Einstein equations (55) contain only the
time-like component φ0 of the vector field:
1
2
d0 (d0 − 1)F ′2 + Λ˜ = κa
[(
∂φ0
∂x0
+ d0F
′φ0
)2
+m2φ20
]
,
(d0 − 1)F ′′ + 1
2
d0 (d0 − 1)F ′2 + Λ˜ = κa
[(
∂φ0
∂x0
+ d0F
′φ0
)2
−m2φ20
]
.
If there is no massive field, φ0 = 0, the solution F
′ =
√
−2Λ˜/d0 (d0 − 1), F ′′ = 0 describes
the expansion without any acceleration or deceleration. The back reaction of a zero-mass
longitudinal vector field reduces to the change of the constant rate of expansion.
In the presence of a massive field F ′′ 6= 0 :
F ′′ = − 2a
d0 − 1κm
2φ20 = −
2
d0 − 1κV
′ (0)φ20.
Depending on the sign of the derivative V ′ ≡ dV (φLφ
L)
d(φLφL)
at φLφ
L = 0 the expansion can
go either with acceleration or deceleration. For instance, in the case of commonly used
“Mexican hat” potential V ′ (0) < 0, and the expansion goes with acceleration.
The acceleration decreases and finally vanishes with time together with the massive vector
field magnitude. The back reaction of the massive vector field can be ignored if the rate of
expansion F ′ is close to its final constant value F ′∞ =
√
−2Λ˜/d0 (d0 − 1) :
1− F
′
F ′∞
≪ 1.
B. Transverse vector field
We consider below a transverse vector field with antisymmetric covariant derivative
(a = 0, b = −c) in the background of the cosmological metric (8). The field equations (13)
are
bF ;KIK = −V ′φI/2. (56)
They are not gauge invariant because the vector field φI enters the equations directly, and
not only via the covariant derivatives FIK . There is no freedom to impose Lorentz condition
for massive vector fields. Only if V ′ = 0 the equations become gauge invariant.
The energy-momentum tensor (14) simplifies
TIK = 2b
[
4FLIFLK − gIKFLMFML − 2
(
FLK;LφI + F
L
I;LφK
)]
+ gIKV + 2V
′φIφK (57)
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The vector φI of the transverse field has the space component φ1 directed along x
1 and
depending on x2. The projection of the conjugate momentum p2 6= 0, and the equations
(27,28) with Φ = 0 reduce to (F ′′ = 0, F ′ = const) :
D̂φ0 +
[
2 (d0 − 2)F ′2 + V
′
b
]
φ0 = 0
D̂φ1 − 2F ′∂φ1
∂x0
+
V ′
b
φ1 = 0.
In the transverse vector field the components φ0 and φ1 are independent from one another.
Imposing the Lorentz condition one can get only a partial solution.
In view of the translational symmetry along the space coordinates the momentum p2
is the integral of motion. The vector field φI is a superposition of eigenfunctions φI(p2) =
ψI(p2) (x
0) eip2x
2
. In the de Sitter metric (8) dF = F ′dx0. The functions ψI(p2) (x
0) satisfy the
equations
d2ψ0
dF 2
+ d0
dψ0
dF
+
[
P 2e−2F + 2 (d0 − 2) + µ2
]
ψ0 = 0 (58)
d2ψ1
dF 2
+ (d0 − 2) dψ1
dF
+
[
P 2e−2F + µ2
]
ψ1 = 0 (59)
with the same two dimensionless parameters p2
F ′
= P, m
2
F ′2
= µ2 as in the longitudinal case
(44), except that now m2 = V
′
b
. The vector field is nonrelativistic if Pe−F ≪ µ, and it is
ultrarelativistic until Pe−F ≫ µ.
After the substitution (42) in the conformally equivalent metric (43) the eqs. (58,59)
acquire the form of Bessel equations
d2ψ0
du2
− d0 − 1
u
dψ0
du
+
(
P 2 +
2d0 − 4 + µ2
u2
)
ψ0 = 0
d2ψ1
du2
− d0 − 3
u
dψ1
du
+
(
P 2 +
µ2
u2
)
ψ1 = 0.
The solutions are
ψ0 (u) = u
d0
2 [C01BesselYν0 (Pu) + C02BesselJν0 (Pu)] (60)
ψ1 (u) = u
d0
2
−1 [C11BesselYν1 (Pu) + C12BesselJν1 (Pu)] , (61)
where ν0 =
1
2
√
(d0 − 4)2 − 4µ2, ν1 =
√(
1− d0
2
)2 − µ2, and Cik are integration constants,
i = 0, 1, k = 1, 2.
At µ ≫ d0 the component ψ0 (u) (60) of the transverse field is the same as (45) for the
longitudinal field. There is no need to repeat the same statements as in the end of the
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previous section concerning the asymptotic behavior of massive transverse fields at µ≫ d0.
Both functions (60) and (61) vanish at x0 →∞ if µ≫ d0 > 2.
1. Electromagnetic field in the expanding Universe
If µ = 0 the energy-momentum tensor (57) reduces to the one of the electromagnetic
field:
TIK = 2b
(
4FLIFLK − gIKFLMFML
)
+ gIKV0.
The equations (56) become gauge invariant, and the vector field φI describes the electromag-
netic field in the expanding Universe in the absence of electric charges. The two projections
of the field, a time-like φ0, and a space-like φ1, are independent from one another. Their
temporal evolution is different:
ψ0 (u) = C01u
1
2
d0BesselJ|2− 1
2
d0|
(Pu) + C02u
1
2
d0BesselY|2− 1
2
d0|
(Pu) , (62)
ψ1 (u) = C11u
1
2
d0−1BesselJ 1
2
d0−1
(Pu) + C12u
1
2
d0−1BesselY 1
2
d0−1
(Pu) , u = e−F . (63)
In the case of three space dimensions d0 = 3
ψ0 (u) =
√
2
piP
u (C01 cosPu+ C02 sinPu) (64)
ψ1 (u) =
√
2
piP
(C11 cosPu+ C12 sinPu) (65)
The component φ0 (64) oscillates with a decreasing frequency and vanishes with time due
to the factor u = e−F (blue curves in Figures 2a and 2b for terms with BesselY and BesselJ,
respectively). The space projection φ1 (65) oscillates with a constant amplitude and decreas-
ing frequency (red curves in Figures 2a and 2b). In the conformally equivalent metric (43)
at d0 = 3 the space projection φ1 is an ordinary plane wave. Without expansion (F
′ = 0)
there would be no difference between the two projections (64) and (65) of the transverse
vector field.
If the number of space dimensions d0 > 3 the amplitude of oscillations decreases with
time, and if d0 < 3 – grows. The behavior of the space projections φ1 ∼ BesselJ in (63) are
presented in Figure 3a for d0 = 4 (brown curve) and d0 = 2 (blue curve). Similar curves for
φ1 ∼ BesselY are presented in Figure 3b. The frequency of oscillations decreases with time
exponentially.
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FIG. 2: Upper: Transverse vector field in the background of the de Sitter metric. d0 = 3. Projec-
tions ψ0 (blue) and ψ1 (red), both ∼ BesselY, as functions of w (48).
Lower: Transverse vector field in the background of the de Sitter metric. d0 = 3. Projections ψ0
(blue) and ψ1 (red), both ∼ BesselJ, as functions of w (48).
19
FIG. 3: Upper: The behavior of the space projections φ1 ∼ BesselJ in (63) for d0 = 4 (brown
curve) and d0 = 2 (blue curve).
Lower: The behavior of the space projections φ1 ∼ BesselY in (63) for d0 = 4 (brown curve) and
d0 = 2 (blue curve).
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In the two particular cases (a 6= 0, b = c = 0) and (a = 0, b = −c), considered above, the
vector fields in the uniform bulk with d0 > 3 decrease in time and thus can not initiate a
phase transition resulting in the formation of a brane. For d0 = 2 φ1 ∼ BesselY grows with
time (see Figure 3b), but it has nothing to do with the brane formation. The question, if for
some other values of a, b, c and d0 > 3 the vector fields can grow with time, remains open.
During short time intervals (x0∗, x0) (as compared with the life time of the Universe
|x0 − x0∗| ≪ 1/F ′) the exponent in (42) can be expanded in powers of x0 − x0∗. It is conve-
nient to choose the scale of the axis x2 so that F (x0∗) = 0. To the accuracy of (x0 − x0∗)2
Pu =
p2
F ′
− p˜2
(
x0 − x0∗) , p˜2 (x0) = p2 [1− 1
2
(
F ′ − F
′′
F ′
)(
x0 − x0∗)] .
Let the frequency of the vector field be ω = p2c
~
at x0 = x0∗. Due to the expansion of the
Universe the frequency at a later moment x0 becomes shifted to ω˜ = p˜2c
~
. In the de Sitter
metric (8) F ′′ = 0, F ′ = H/c, and
ω˜
ω
= 1− 1
2
H (t− t∗) .
Here t∗ is the moment of emission, and t is the moment of observation.
V. SUMMARY
Among the three-parametric variety of vector fields (a, b, and c are arbitrary constants)
the two particular cases are analyzed here in detail. Namely, longitudinal fields (b = c = 0),
and transverse (including electromagnetic) fields (a = 0, b = −c) . The longitudinal zero-
mass vector field φI with the Lagrangian (37) pretends to be an adequate tool for macroscopic
description of dark energy as the major source of the observable expansion of the Universe.
The energy-momentum tensor of a zero-mass vector field (35) enters the Einstein equations
(15) as an addition to the cosmological constant. The solution – de Sitter metric – describes
the homogeneous and isotropic expansion at a constant rate. The zero-mass vector field does
not vanish with time in the process of expansion. It tends to a constant value at t → ∞,
see the red curve in the Figure 1.
On the contrary, massive vector fields decrease with time, φI → 0 at t → ∞, provided
that the expansion goes at the modern rate. Nevertheless, massive fields could survive the
epoch of inflation. Though their amplitude is falling down, it is possible that they are still
contributing to the evolution of the Universe, making the expansion accelerated.
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According to modern observations among the staff of the Universe the biggest ’slice of
the cake’ - 72 0/0 - corresponds to dark energy, 23
0/0 is dark matter, and only 4.6
0/0 comes
from atoms [21]. Vector fields of different physical nature can be characterized each by its
own set of the parameters a, b, and c. It is interesting, to what extent the appropriate choice
of the parameters can fit this distribution? But it is a different story.
The general analysis of vector fields in the background of cosmological metric and the two
particular cases considered analytically in detail confirm that the abilities of the Einstein’s
theory of general relativity to guess the riddles of cosmological observations are not yet
exhausted.
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